ON THE USE OF DIFFERENTIAL CALCULUS
IN THE RESOLUTION OF FRACTIONS *

Leonhard Euler

§403 The method to resolve any propounded fraction into simple fractions
which we explained in the Introductio, even though it is per se simple enough,
nevertheless by means of differential calculus the same can be done in such
a way that often the same task is completed by a much shorter calculation.
Especially, if the denominator of the fraction to be resolved was of indefinite
grade, the method explained before in most cases is impeded a lot, if instead
of the unknown quantity the substitution of the value which it takes from
a certain factor has to be done. But especially in these cases the division of
the denominator by an already found factor becomes too cumbersome. This
operation, if the differential calculus is applied, can be avoided such that it
is not necessary to know the other factor of the denominator which arises,
if the denominator is divided by the known one. This method is useful to
determine the value of the fraction whose denominator and numerator vanish
in a certain case; how by means of it the resolution of fractions treated above
can be rendered more convenient and tractable, we want to teach in this
chapter and at the same time want to finish this book in which we explained
the use of differential calculus in the Analysis.

§404 Therefore, if any fraction g was propounded whose numerator and

denominator are polynomial functions of the variable quantity x, one has to
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see at first, whether x in the numerator P has as many or more dimensions
than in the denominator Q. If this happens, the fraction g will contain an
integer part of this form A + Bx + Cx? + etc. which can by found by means of
division; the remaining part will be a fraction having the same denominator
Q but whose numerator will be function, say R, containing less dimensions
of x than the denominator Q such the further resolution is to be done in the
fraction R. Nevertheless it is not necessary to know this new denominator R,

but the same simple fractions which the fraction % would have yielded can be

found immediately from the propounded £, as we already remarked above.

§405 Therefore, except the integral part, the fraction 5 contains one, one has

to find the simple fractions whose denominators are either binomial of this
form f + gx or trinomial of this kind f + 2xcos¢ - \/fg + gxx or squares or
cubes or higher powers of formulas of this kind. And these denominators
will be all factors of the denominator Q such that any arbitrary factor of this
denominator Q yields a simple fraction. If the denominator Q has the factor
f + gx, from a simple it fraction of this kind will arise

2A
f+gx
but if the factor was (f + gx)?, the two factors

2 B
(FreaP?  frax
And from a cubic factor (f + gx)* of the denominator Q three simple factors
of this form will arise

2A B ¢
(Frgof  F+sxl  fran
and so forth. But if the denominator Q had a trinomial factor of this kind
ff —2fgxcos ¢+ ggxx, from it a simple function of such a form will arise

A+ ax
ff —2fgxcos¢p + ggxx’
and if two factors of this kind were equal as (ff —2fgx cos ¢ + ggxx)?, hence
these two fractions will arise




A+ ax n B+ bx
(ff —2fgxcos ¢+ ggxx)? ~ ff —2fgxcos ¢ + ggxx’
But a cubic factor of this kind (ff —2fgx cos ¢ + ggxx)® will give three simple
fraction, a biquadratic four and so forth.

§406 Therefore, do the resolution of any fraction 5 as this. At first, find all
simple either binomial or trinomial factors of the denominator Q, and if they
were equal to each other, note them and consider them as one. Then from
these single factors of the denominator find the simple fractions either by the
method already shown above or the one we will explain here and which ad
libitum can be substituted for the first. Having done this the aggregate of
all these fractions together with the integer part, if the propounded fraction
5 contains one, will exhaust the value of this. We assume the invention
of the factors of the denominator Q as known here, since its depends on
the resolution of the equation Q = 0, and we will give the method here
by means of differential calculus for any given factor of the denominator
to define the simple fraction arising from it. This, because one already has
the denominators of these simple fractions, will be achieved, if we teach to
investigate the numerator of each fraction.

§407 Therefore, let us put that the denominator Q of the fraction g has the
factor f + gx such that itis Q = (f + gx)S and this other factor S does not
contain the same factor f + gx. Let the simple fraction arising from this factor
be = and the complement will have a form of this kind % such that it is

A
ftgx
2 v P

frex ST Q

Therefore, it will be

K_B_ 2 P-2AS
S Q f+gx (f+gx)S
and hence
P —2S
V= .
f+gx

Therefore, since V is a polynomial function of x, it is necessary that P — S
is divisible by f 4 gx; and therefore, if one puts f +gx = 0 or x = ?f,



f

the expression P — 2AS will vanish. Therefore, let x = _?, and because it is

P—2AS =0, it will be 2 = g, as we found already above. But because it is

S = 72+ it will be
o - SH8¥)P
Q 7
if one puts f +dx = 0 or x = ?f everywhere. Because in this case so the

numerator (f + gx)P as the denominator Q vanish, by means of the things,
which we explained on the investigation of the value of fractions of this kind,
it will be

o — (f + gx)dP + Pgdx
- 70 ,

if one puts x = _?f. In this case because of (f 4 gx)dP = 0 it will be

_ gPbdx

= 0

and so by means of differentiation the value of the numerator 2 will be found
conveniently.

A

§408 Therefore, if the denominator Q of the propounded fraction 5 has the
simple factor f + gx, from it this simple fraction will arise

2
ftax
while 2( = gggx’ after here instead of x the value —L that has to arise from
f + gx = 0 was substituted everywhere. Therefore, this way it is not necessary
that one finds the other factor S of the denominator Q before, which factor
arises, if Q is divided by f + gx. Hence, if Q is not expressed in factors, we can
often omit this rather cumbersome division , especially if x in the denominator
Q has indefinite exponents, since the value of A is obtained from the formula
gggx‘ But if the denominator Q was already expressed in factors such that
hence the value of S is immediately plain, then the other expression will be to
preferred, by means of which we found 2 = g by putting x = =f everywhere
in the same way. And so in any case one can apply that formula to find the
value of 2 which seem more convenient and quicker. But we will illustrate

the use of the new formula in some example.




EXAMPLE 1

Let this fraction be propounded ==+, whose simple fraction arising from the factor
1 + x shall to be defined.

Since here it is Q = 1 + x!7, even if its factor 1 + x is known, nevertheless, if,
as the first method requires, we can divide by it, it would arise

S=1—x4+xx—x>+---+x°.

Therefore, we will more conveniently use the new formula 2 = Q- ; therefore,
since 1t is f=1,¢=1and P = x’, because of dQ = 17x1%dx it will be
A = W = 17 —— for x = —1, whence it is 2 = 17, and the simple fraction

arising from the factor 1 + x of the denominator will be
-1
17(14x)°
EXAMPLE 2

Having propounded the fraction 1= to investigate the simple fraction arising from
the factor 1 — x.

Because of the propounded factor 1—-xitwillbe f = 1and g = —1. But

then the denominator Q = 1 — x?" gives dQ = —2nx*"~!dx, whence because
of P = x™ one will obtain 2 = 27;;1 And, from the equation 1 —x = 0,
having put x = 1 it will be A = such that the simple fraction will be this
1
EXAMPLE 3

Having propounded the fraction
from the factor 1 — x.

Therefore, here itis f = 1and ¢ = —1, P = x™, Q = 1 — 4xF + 3x" and
”Zi—g = —4kx*=1 4+ 3nx""1; hence, it its A = Wf&m—l and for x = 1 it will
be A = ﬁ. Therefore, the simple fraction arising from this simple factor

1 — x of the denominator will be

m . . ) o
Taiae to determine the simple fraction arising

1
(4k —3n)(1 —x)"




§409 Let us now put that the denominator Q of the fraction g has the
quadratic factor (f + gx)? and the simple fraction arising from there

2A n B
(f+gx)?  fhgx
Let Q = (f + gx)?S and the complement = ¥ such that it is

vV P 2A B P—AS —B(f +gx)S
- == 5 — and V = 5
S Q (ft+gv)? fhgx (f +8x)
Since now V is an integer function, it is necessary that P — AS — BS(f + gx)
is divisible by (f + gx)?; and because S does not further contain the factor
f + gx, also this expression £ — A — B(f + gx) will be divisible by (f + gx)?

and hence having put f +gx = 0 or x = ?f not only itself but also its

differential d.g — Bgdx will vanish. Therefore, let x = _?f and from the first
equation it will be 2 = g, from the second on the other hand it will be

B = é%d.g ; having found these values one will have the fractions in question

2, 0%
(f +gx)? * f+gx

EXAMPLE

Having propounded the fraction % whose numerator has the factor (1 — x)?,

to find the simple fraction to arise from it.

Since here itis f =1, g = -1, P =x"and Q =1 — 4x3 + 3x%, it will be
S=1-2x+3xx,

P X" and d P mx™ ldx +2(m —1)x"dx +3(m — 2)x"+1dx
S 1+4+2x+3xx 'S (14 2x+ 3xx)2 '

Hence, having put x = 1 it will be

1 6m—8 4—3m

hence, the fractions in question will be

1 + 4 —3m
6(1—x)2 18(1—x)°




§410 Let the denominator Q of the fraction 5 have three equal simple factors

or let Q = (f + gx)3S and let the simple fractions to arise from this cubic
factor (f + gx)° be these

L I
(f+8x)° " (f+gx)? f+gx

but let the complement of these fractions to constitute the propounded fraction
5 be ¥ and it will be

P —AS —BS(f + gx) — €S(f + gx)?

N (f +gx)° '

Hence, this expression £ — A — B(f + gx) — €(f + gx)* will be divisible by
(f + gx)3; hence, having put f + gx =0 or x = %f not only this expression
itself but also its first and second differential will become = 0. By putting
X = _?f it will be

Vv

A= B(f +gv) — €(f +g1)* =0

d.g — Bgdx —2¢gdx(f +gx) =0

dd.g —2¢g%dx* = 0.

From the first equation it will therefore be

P

A = 3
From the second on the other hand it will be
1 P
—_— @d.g.

Finally, from the third one defines

1 P



§411 Therefore, in general, if the denominator Q of the fraction L has the
factor (f + gx)" such thatitis Q = (f 4 gx)"S, having put the simple fractions
to arise from this factor (f + gx)"

2 n B N ¢ N D n 20
(f+g)n  (f+ga) ! (f+ga)?  (f+gx)>  (f+gx)r

until the last whose denominator is f + gx is reached, if one reasons exactly
as before, one will find that this expression

+ etc.,

g—Ql—iB(f+gx) —C(f+gx)> —D(f +gx)° — €(f + gx)* —etc.

must be divisible by (f + gx)"; hence, so itself as its single differentials up to

grade n — 1 will have to vanish in the case x = _?f. From these equations one

concludes that by putting x = % everywhere it will be

Ql:1531 P
- 1gdxd'§
¢ = M;de.lsj
szz;wﬁﬁg
¢ = s
etc.

Here it is to be noted that these differentials of g must be taken before instead
of x one puts _?f ; for, otherwise the variability of x would be lost.

§412 Therefore, in this way these numerators 2, B, €, © etc. will be expressed
easier than by the method given in the Introductio and often by means of this
new method their values are also found quicker. That this comparison can
be done more easily, let us define the values of the letters 2, B, ¢, © etc. by
means of the first method.



Having put x = ;f Set, still keeping in x as a variable
I P pP—AS
it will be Ql—g Figx =%,
it will be B =X BB _ g,
S f+gx
it will be o -8 gy,
S f+gx
it will be =2 RoD8 e,
S f+gx
it will be ¢ = % and so forth.

§413 But if the denominator Q of the fraction 5 not only has simple real

factors, then take two imaginary ones together whose product will be real.
Therefore, let the factor of the denominator Q be ff —2fgxcos ¢ + ggxx
which put = 0 gives these two imaginary values

f f

X ==cosg=*

8 gv—1

sin @;

hence, it will be

o Iy S
x" ==—cosn
" LV
Let us put that itis Q = (ff —2fgx cos ¢ + ggxx)S and additionally S is not
divisible by ff —2fgx cos ¢ 4+ ggxx. Let the fraction to arise from this factor

be

sinng.

20+ ax
ff —2fgxcos g+ ggxx
and let the complement to the propounded 5 be = ¥; it will be

B P— (A+ax)S

~ ff —2fgxcos ¢+ ggxx’

whence P — (2 + ax)S and therefore also g — 2 — ax will be divisible by
ff —2fgxcos ¢+ ggxx = 0, this means, if one puts either

1%




f f

X ==cosq@+ sin
Ve R
or
f fo.
X =%cosqQ — sin @.
g i gv—1 7

§414 Since P and S are polynomial functions of x, let both substitutions
happen separately in both expressions; and since for any power of x, say x”",
this binome

x" = —ncosn(pi i
n gn\/jl

has to be substituted, first let us put Jg(—: cosng for x" everywhere and having

sinng

done this let P go over into B and S into &. Further, put f;—: sinng for x"
everywhere and having done this let P go over into p and S into s; here it is
to be noted that before these substitutions both functions p and S have to be
expanded completely such that, if they are contained in factors, they are got

rid off by actual multiplication. Having found these values ‘B, p, G, s it will be
f

manifest, if one puts x = gcosg+ Ve sin @, that the function P will go over

H ; b se
A/ —

£ — 9 — ax or P— (A + ax)S has to vanish in both cases, it will be

qgi\/pj — <Q[—|—Cgcosg0:|:g\a/];1singo> (Gj:\/;>,

whence because of the ambiguous signs these two equations will arise

into P + \/% and the function S will go over into & +

‘Bz%(@%—ajifcosq)— afs

sin ¢’
p =%As +a—f5coscp —Cff—e,
g sin @

from which by eliminating 2 one finds

10



2 .2
Gp—sP = af(6g+5 ) sin ¢;

and hence it will be

8(&p —sP)
f(62+4352)sing’

Further, by eliminating sin ¢ it will be

GP +sp = (& +52) (A + c;Ccos P).
Therefore,

o = SP+sp  (Sp—sPcose)
 82+52 (B2+s2)sing

§415 Since it is

_ Q
~ ff —2fgxcos ¢+ ggxx’

S

since having put

ff—2fgxcos¢p+ ggxx =0
so the numerator as the denominator will vanish, it will be in this case
_ dQ :dx
© 2¢9x —2fgcos g’

Now, let us put, if one substitutes x" = § cos ng everywhere, that the function

% goes over into 9, but if one sets x" = g—: sinng, that it goes over into g;
o . . _ oo . dQ
and it is manifest, if one puts x = gCos @+ SV TSN, that the function >
goes over into Q + \/4%1 From this the function S will go over into
Q+tq:v-1
+2fgsing :y/—1

\/551 having put the same value for x, one will

Therefore, since itis S = & +
have

11



Qir \J/cgismgo 2fgssin g.

Therefore, it will be

__—4 _
~ 2fgsing and 6 = 2fgsing’
And having substituted these values it will be
_ 2g8(pg+PQ)
Q%+ ¢?

and

2fg(Pg —pQ)sing  2fg(pq + ‘BD) cos ¢
0?2 + g2 Q2 + g2

9 =

§416 Hence, one obtains an apt way to form the simple fraction from each
factor of second power and here, since the denominator itself of the propoun-
ded fraction is retained in the calculation, we avoid the division, by means of
which the value of the letter S would have to be defined and which is often
very cumbersome. Therefore, if the denominator Q of the fraction 5 has such
a factor ff —2fgx cos ¢ + ggxx, the simple fraction to arise from this factor
which we assumed as

B A+ ax
"~ ff —2fgxcos ¢+ ggxx

will be defined the following way. Put x = é cos ¢ and for each power x" of x

n

write £ g7 Cosng; having done this let P go over into B and the function ”;Q into
Q. Further put x = f sin ¢ and each of its powers x" = Jg(,, sinng and let P go

over into p and mto q. And, having found these values of the letters 13, Q,
p and q this way the quantities 2 and a will be defined in such a way that it is

2fg(Pg —pQsing)  2fg(PQ +pq) cos ¢
QZ + qZ QZ + q2 4

_ 288(PQ +pq)
D2 +q¢>

A =

12



Therefore, the fraction to arise from the factor ff —2fgcos ¢ + ggxx of the
denominator Q will be

2fg(Pg — pQ) sin ¢ + 28 (PQ + pq) (gx — f cos ¢)
(92 +q?)(ff —2fgx cos ¢ + ggxx)

EXAMPLE 1

If this fraction u-lj—c#x" was propounded whose denominator a 4 bx" shall have this
factor ff —2fgxcos ¢ + ggxx to find the simple fraction corresponding to this
factor.

Since here it is P = x™ and q = a + bx", it will be

i nbx"1,

whence it will be
m m
nbfr-1 nbfr-1
Q= {j —cos(n—1)p, q= g{_l sin(n —1)¢.
From these it will be
21,2 £2(n—1)
2 o nbf
D +q° = w,
nbfernfl

‘Bq—pQ:WSin(rt—m—l)q)

and i
nb m-n—
PA+pq = g{;rn_lcos(n —m—1)g.

Therefore, the simple fraction in question will be

2¢" ™(fsing-sin(n —m —1)¢ + gxcos(n —m —1)p — fcos ¢ - cos(n —m —1)¢)
nbfr=m=1(ff —2fgxcos ¢ + ggxx)

or

2¢" M (gxcos(n —m —1)¢ — fcos(n —m)e)
nbfr-m=1(ff —2fgxcos ¢ + ggxx) '

13



EXAMPLE 2

Let this fraction W be propounded whose denominator shall have the factor

ff —2fgxcos @+ ggxx; to find the simple fraction to arise from this.

Since itis P = 1 and Q = ax™ + bx™*", it will be

GCZZS = max" " + (m +n)bx™ 1

and hence having put x" = é—: cos ng because of P = x*,p =1

mafmfl

m—1

(m + n)bfmwtnfl
gm-i-n—l

Q:

cos(m+n—1)¢

cos(m—1)¢p +

and, having put x" = g—: sinng, p =0, and

m—1 b m+n—1
q= m(;nj:_l sin(m—1)¢ + (m +g71)+nf_1 sin(m+n—1)¢.
Therefore,
2.2 2(m—1) 2m+n—2 212 2(m+n—1)
) o mfatf 2m(m+n)abf (m+n)=b=f
Q4a” = gz(m—l) g2m+n*2 cosng -+ gZ(m+nfl)

If ff —2fgxcos @+ ggxx is a divisor of a + bx", it will be

bbon

n n
bf =0 and bf >
g n

a-+ —-cosn —_
8" v 8"

sinng =0, whence aa=

Therefore, it will be

(m +n)2bb 201 (2n + m)aaf2"Y)  ppaafXm=Y ppbbfAmn=1)

2., 2 _ _ _
Q7 +q° = gz(m+n—1) gZ(m—l) o gZ(m—l) o g2(m+n—1)

Further, it will be

mafmfl

m—+n—1

gm+n—1

sin(m+n—1)¢

14



m+n—1
= meﬂ((m +n)sin(m+n—1)¢ —mcosng -sin(m —1)¢)
_ bt

= et (ncosng -sin(m — 1) + (m + n) sinng - cos(m —1)¢)

and

b m+n—1
P +pg = gfm+n—1((m +n)cos(m+mn—1)p —mcosne - cos(m—1)¢).

Or because it is ff —2fg cos ¢ + ggxx is also a divisor ofax™ "1 4 bx™ "1 it
will be

qfm—1 bfm+n—1
] cos(m—l)qo+Wcos(m+n—1)q0:0
and
a m—1 ) bfernfl )
—sin(m —1)p + T sin(m+n—1)¢ =0,

whence it will be

nbfernfl
gm+n—1

nbfernfl
gm+n—1

Q= cos(m+n—1)¢ and q= sin(m+n—1)¢

or

_nafmfl
m—1

Q:

_ m—1
cos(m—1)¢ and q= % cos(m —1)¢.

From these the fraction in question will arise

28" (f cosme — gxcos(m — 1))

nafm=1(ff —2fgxcos ¢ + ggxx)’
This formula formula follows from the first example, if one puts m negatively,
whence it would not have been necessary to have constituted this case.

15



EXAMPLE 3

If the denominator of this fraction % has the factor ff —2fgxcos ¢ + ggxx,
to investigate the simple fraction to arise from this factor.

If ff —2fgxcos ¢ + ggxx is a factor of the denominator a + bx" + cx", it will
be, as we showed above,

2n n 2n
a—+ Con =0 and f f

n
bJ; sin2n¢ = 0.
8

Therefore, since it is P = x™ and Q = a + bx" + cx?", it will be

Zg = nbx™ 1 4 2nex® 1,
whence it is caused
m fm
B = g—mcosm(p and p= —smmq),
pfr-1 2 2n—1
Q= ng{_l cos(n—1)p + 7;2{1_1 cos(2n —1)g,
bfr— 1 2 2n—1
q = ﬂgf —sin(n —1)p + 7;C2fn_131n(2n 1o,

Therefore, we will have

2 £2(n-1) 2n
2 2 nf 4bcf" 4cc
Q°+q° = FEC=N (bb + o cosng + )

But from the first two equations it is

2n n 2n
f (bb+ cf cosng + f > =qa
g% 8" g%

and hence

n 2n 2n
abcf CoOsnp = ngznaa —2bb — 2;52{1 ;

having substituted the value there it will be

16



2 2n-2 2n 2n
Qi = n*f <2aag _bb+2ccf >

g2n72 on g2n
or
2 o n*(2aag*™ —bbf2"g>" + 2ccf)
Q7+ = ffg4n—2 ’
Further, it will be
nbfmenfl chferanl

‘Bq—pﬂ = WSIH(W—TH—].)QD‘FWSIH(ZW—W—].)(P,

nbfm—i—n—l

2 m+2n—1
mQ‘qu = WCOS(T[—WZ—l)Q—l— I’ICf

W COS(ZTZ —m — 1)q0

Having found these values the simple fraction in question will be

2fg(Pg — pQ) sin ¢ + 28 (PA + pq) (gx — f cos ¢)
(22 +q?)(ff —2fgx cos ¢ + ggxx)

§417 But these fractions will be expressed in an easier way, if we determine
the factors of the denominators themselves. Therefore, let the denominator of
the propounded fraction be

a -+ bx";

if the trinomial factor is put

ff—2fgxcos ¢+ ggxx,

it will be, as we showed in the introduction,

bf" bf"
a-+ fn cosng =0 and —_—sinng =0;
8 8
therefore, because it is sinng = 0, it will be either ng = (2k — 1) or nw =
2krt; in the first case it will be cosng = —1, in the second cosng = +1.

Therefore, if 2 and b are positive quantities, only the first case will hold, in

which itisa = lgnn and therefore

f:a% and g:b%.

17



But instead of these irrational quantities let us retain the letters f and g or
let us put a = f" and b = ¢" such the the factors of this function have to be
investigated

fl”l + gnxn.
Therefore, since it is ¢ = @, where k can denote any positive integer, but
on the other hand for k no larger numbers are to be taken as those which
render Z—1 greater than unity; hence, the factors of the propounded fraction
"+ g"x" will be the following

n

ff —2fgxcos %—kggxx

ff—2fgxcos 37”+ggxx

ff—2fgxcos 57”+ggxx
etc,,

where it is to be noted, if n is an odd number, that one has this one binomial
factor

f+gx;

but if n is an even number, no binomial factor will be there.

EXAMPLE 1

To resolve this fraction into its simple fractions.

X m

Since a trinomial factor of any arbitrary denominator is contained in this form

ff— ngJccos(?"k;llﬁr + 88xx,
it will be in example 1 of the preceding paragraph a = f", b = ¢" and
_ (2k—-1)m . .
¢ = ", whence it will be
sin(n —m —1)¢p = sin(m +1)¢ = sin (m + 1)(51( L
and

18



(m+1)2k—1)m

cos(n—m—1)p = —cos(m+1)p = — cos

Hence, from this factor this simple fraction arises

2f sin (2k;1)7‘[ - gin MDD 5 oo (mF1)( 2k L (fx f cos (2k;1)7‘[>

nfr—m-lg (ff 2fgx cos (Zk 1) +ggxx)

Therefore, the propounded fraction will be resolved into these simple ones

2fsinZ - sin@—2cos mH ~ (fx — fcosZ)

nfr-m=lgm (ff — 2fgxcosf—i—ggxx)
2fsin3—”-sinw—2cos m“ © (fx — fcos 3Z)
nfrom-lom (ff — ngxcos + ggxx)
2f sin 3% . sin 2T _ 9 05 SLEUT (£ _ £ oo 57

nfr-m-lom (ff — ngxcos + ggxx)
etc.

Therefore, if n was an even number, this way all simple fractions arise; but
if n was an odd number, because of the binomial factor f + gx to fractions
resulting this way one furthermore has to add this one

+
nfr-m-lgn(f 4 gx)’
where the sign + holds, if m was an even number, otherwise the sign —. If

m was a number greater than m, then to these fractions additionally integral
parts of this kind are added

Ax™" 4 B2 4 O3 L DM et

as long as the exponents remain positive, and it will be
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Ag" =1 therefore A= +g1"

Af" 4+ Bg" =0 B:—;;
Bf* +Cg" =0 C:—l—(j;:
Cf" +Dg" =0 C:—{;Z
etc. etc.
EXAMPLE 2

' on —— 1
To resolve this fraction _; Frega)

into its simple fractions.

Concerning the factors of f" 4 g"x", from them the same fractions arise
we found in the preceding example, as long as there m is taken negatively;
therefore, it only remains that we define the simple fractions arising from the
other for x™, which is most conveniently done this way. Set the propounded

fraction

A o
_xm fn+gnxn
and it will be
1 = heref !
2Af =1 therefore Q[—+f—n
gl’l

If n — m was a negative number, one will have to proceed in similar manner,
such that, if m was an arbitrary larger number, simple fractions of this kind
result

2 B ¢

X7 + xm—n + xm—2n

D
+ iy T ete,
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of which series so many terms are to be taken as one has positive exponents
of x in the denominator. And it will be

Af" =1 therefore A = +7

fn

A" + Bg" = 0 D
f2n

W gon 8"
Bg" + ¢ = ¢ —Ja
" g3n
cg" +9¢" =0 D= —me

etc. etc.

Therefore, the propounded fraction in total will be resolved into these simple
fractions

1 gn an gSn
fnxm B f2nxm—n + f3nxm—2n f4nxm—3m + etc.
2fg"sin X csin DT 4 gem qog (ML 1) (gx — fcos I)
nfrtm=1 (ff 2fgxcos —i—ggxx)
_ng’”sin3 csin 3T oo cog (m Ur (gx — fcos3E)
n frtm= 1(ff 2fgxcos +ggxx)
_ng’”sin5 sms( LT 4 2™ cos (m DL (gx — fcos 2X)
n frtm= 1(ff ngxcos +ggxx)
etc.

To this formulas, if n was an odd number, because of the factor f 4 gx of the
denominator one furthermore has to add

+q"
nfron 1 (F o gx)’

where the superior of the two signs + holds, if m was an even number, the
inferior on the other hand, if m was odd.
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§418 Now, let us also consider the formula a + bx", if b was a negative
number, and let this function be propounded

fn . gn X"
of which at first one factor will always be f — gx; and if n is an even number,

also f + gx will be a factor. The remaining on the other hand are trinomial; if
their general form is put

ff —2fgxcos ¢ + ggxx,

it will be
f"—f"cosng =0 and f"sinng =0

or

sinng =0 cosng =1.
To satisfy those, it is necessary that it is ng¢ = 2kt while k is any integer
number and therefore it will be ¢ = 2]‘7” Therefore, the general factor will be

ff —2fgxcos ZI:T +8gxx;

therefore, by taking for 2k even numbers smaller than the exponent n all
trinomial factors will arise

2
ff—2fgxcos7n + ggxx

4
ff—ngxcos% + ggxx

6
ff—ngxcos% +ggxx

etc.

EXAMPLE 1

m

To resolve this fraction W into its simple fractions.

Since one factor of the denominator is f — gx, hence a fraction of this kind

22



will arise Jfgtgx ; to find its numerator, put P = x™ and f" — ¢g"x" = Q; it will
be

dQ = —ng"x" dx

and it will be

o — _gxm B X
- _ngnxnfl - ngnflxnfl

having put x = g. Therefore, it will be A = W and hence the simple

fraction arising from the factor f — gx will be

1
nfromigh(f —gx)
If n is an even number, since then one factor of the denominator also is f + gx,
put the simple fraction to arise from this = ff[7 ; it will be

—gx™ —x"

- ngnxnfl - ngnflxnfl

having put x = %‘. Therefore, because of the odd number n — 1 it will be

¢ 1x" "t = — =1 but it will be x™ = =7, where the superior sign holds, if
m was an even number, the inferior, if m was an odd number. Hence, because
itis A = W{lg,ﬂ, the simple fraction to arise from the factor f + gx will be
this

F1
nfrm-lgn(f +gx)”

Further, because the general form of trinomial factors is

2k
ff —2fgxcos Tn + ggxx,
if we do the comparison to example 1 § 416, it will be a = f", b = —¢" and
Q= 2"7” ; hence
sinng = and cosng =1
and

sinn—m—1)¢ =—sin(m+1)p = —sinM
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and

cos(n —m—1)p = cos(m+1)p = COSM

From these the simple fraction to arise from this will be
2f sin 27 . gin —2cos W ( — f cos Zk”)

f” m=lg (ff 2fgxcosZk7”+ggxx>

Hence, the simple fractions in question will be

2k(m+1)7
n

1
nfrm-lgn(f — gx)
2f sin 2% - sin 72("’“)" —2cos Z(mH)" ( — fcos )
g (FF— 2fgreos T + gge)
2fsin 27 - sin 74('":1)" —2cos 4(m+1)" (gx — f cos 1)
nf” m=1gm (ff —2fgxcos I + ggxx)
2f sin ®% - sin (m:lrl)n 2cos 6('"“)” (gx — f cos °%)
nfr-m-ign (ff —2fgxcos ST + ggxx)
etc.,

to which, if n was an even number, one furthermore has to add this fraction

F1
nfr-m-lem(f + gx)’
of which the superior — is to be taken, if m was an even number, the inferior,
if odd. Furthermore, if m is a number not smaller than , this integer parts
are to be added

Ax™ " 4 Ba™ T2 4 Cx 3 4 D 4 et

as long the exponents were not negative, and it will be
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— Ag" =1 therefore A = L

gﬂ

n

Af" —Bg" =0 B:_%
8

on

Bf" —Cg" =0 C=—0
g

f?m

etc. etc.
EXAMPLE 2

To resolve this fraction W into its simple fractions.

The fractions which arises from the factor f" — ¢"x" of the denominator will

be the same as before, as long as in those formulas m is taken negatively.

Hence, one has to consider the other factor x™; if we put that from this these
fractions results

2 B ¢

+ + +

x7m xm—n xmon xm73n

+ etc.,

which is series is to be continued until the exponents of x become negative, it
will be

+Af" =1 therefore 2A = fln

n

B —Ag" =0 B = ]§2n

an

¢ft —Bg" =0 =

g3n

off gt =0 D=
etc. etc.

Therefore, the propounded fraction will be resolved into these simple fractions
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n 2n 3n
fnlxm T onimn + f3nim2n T f4nim—3n
m
=g
_ 2fg"sin 7T - sin L (m DL (gx — f cos 22)
nfrtm-1 (ff 2fgx cos 2& +ggxx)
 2fg"sin4X csin 2T oo cog (m DL (gx — f cos 1)
nfrtm-1 (ff 2fgxcos & +ggxx)
u+2g cos (m DL (gx — f cos 7)

nfronT (FF — 2fgxcos 8 + ggnx)
etc.,

+ etc.

ngmsin%”-sin

to which, if n was an even number, one additionally has to add this fraction

Fg"
nfren (F o gx)’
which is omitted, if n was an odd number. The superior — of the ambiguous
signs hold, if m is an even number, the inferior + on the other hand, if m is
an odd number.

§419 Therefore, this way all fractions, whose denominator consists of two
terms of this kind a + bx", are resolved into simple fractions. But if the
denominator consists of three terms of this kind a + bx" + cx?", then one has
to see at first, whether it can be resolved into two real factors of this first form.
For, if this is possible, the resolution into simple fractions can be done in the
way explained before. For, if a fraction of this kind is propounded

xm
(f"+gmam)(f" + krxt)’

it will at first be transformed into two of this kind

ax™ Bx™
le +gnxn fn+hnxn

and it will be
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af"+Bf" =1 and ah"+pg" =0,

whence it is

1 n

KN = — — = — ﬁg .
f n hn

If the exponent m was greater than n, the transformation into the following

fractions will be more convenient

axTH*Tl ﬁxTH*n

fn +gnxn + fn +hnxn’

by means of which it is
a+p=0 and ah"+pg" =1
and hence

1
gn_hn'

1
(X:W and ﬁ:

But no matter which of both transformations is used, both fractions to arise

this way will be resolved into its simple fractions, which taken together will
be equal to the propounded fraction, by the method explained before.

§420 In similar manner the method treated up to this point will suffice, if
the denominator consists of several terms of this kind

a4+ bx" + cx + dx®" + ex™ + etc.,

if it only can be resolved into factors of this form f" &+ ¢"x". For, let us put
that this fraction to be resolved into its simple factors occurs
xm
(a—x")(b—x")(c—xm)(d — x")etc.’

At first, resolve it into these

Ax™ n Bx™ n Cx™ n dx™
a—x"  b—x" c¢c—x" d—x

the numerators of which will be determined the following way that it is

. + etc.,
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1

A= (b—a)(c—a)(d—a)etc.
5 1
(a—b)(c—Db)(d—Db)etc.
C— 1
"~ (a—c)(b—c)(d—c)etc.
etc.

Therefore, after this preparation these single fractions will be resolved into
their simple fractions by means of the method explained before.

§421 If a denominator of this kind

a4+ bx" + cx* + dx®" + etc.

has not only real factors of the form f" 4+ £g¢"x", two imaginary ones are to
be united into a single real one. Therefore, let us put that the product of two
factors of this kind is

f2n . angn Ccos w _|_g2nx2n’,

and because this expression has no simple real factors, let us put that the
trinomial ones are contained in this general form

ff —2fgxcos ¢+ ggxx,
whose number will be = n. Therefore, having put x" = § cos ng this equation
will arise
1—2cosw -cosng + cos2ng = 0.

Furthermore, having put x" = ér—z sinng it will also be

—2cosw -sinng +sin2ng =0,

which divided by sinn¢ gives cos ngp = cosw and so at the same time the first
equation will be satisfied. Therefore, it will be ngp = 2k7t & w while k denotes
any positive integer and hence it will be ¢ = Zk”% and all factors will be
contained in this form

28



ff—2fgxcos'2knniw + 88xx,

whence one will have the following factors

ff—2fgxcos . + g9xx

ff—2fgxcoszn_w + ggxx

ff—2fgxcoszn+w + ggxx

ff—2fgxcos4nn_w + ggxx

ff—2fgxcos4n+w + ggxx
etc.,

of which so many are to be taken until their number becomes = n.

§422 Therefore, if this fraction is propounded to be resolved into its simple
fractions

xm—l
f2n _ angn cos w + anxZn’

since any trinomial factor of the denominator is contained in this form

ff—2fgxcos e+ ggxx

Zntw ~onsider this fraction

n

while ¢ =

xi’l’l
onx _ zfngnanrl cos w + anx2n+1

equal to it and put x” = P and the denominator
f2nx o zfngnxn—i-l cos w + anxZn—i-l — Q}
it will be

[ig = fZTl _2(7’1 + 1)f”g1’lxnCOS(,U—|— (21/[ + 1>g2nx2n‘
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Hence, by putting

n
x" = (j;ncos ne
it will be
" m 2k +
PB=-—-cosmp and P= f—mcosw
8 8
and

Q= f"(1-2(n+1)cosw-cosng + (2n+1) cos2ng).

But because it is cos ng = cos w, it will be

cos2ng = 2cos’ w — 1

and hence

Q = f2"(—2n+2ncos® w) = —2nf>" sin® w.

Further, having put

n
¥ = f—nsinn(p
it will be
m m
4 8 n
and
q=—f"(2(n+1)cosw -sinng — (2n + 1) sin2ng);
because of
sin2ng = 2sinng - cosng = 2cosw - sinng
it will be

q=2nf>"cosw -sinng.

But because it is ng = 2kt £+ w, it will be sinng = £ sinw and
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q=+2nf*sinw - cos w.

Having found these it will be

Q% + g% = 4n? M sin’ w,

2nfm+2n
Pqg—pQ = (£ cosm@ - sinw - cosw + sinmg - sin® w)
or
2nfm+2n
PBg—pQ = iT sinw - cos(me F w)
or
m+2n + _
Pg —pQ ==+ e sinw - cos 2kmre £ (m = n)ew
8" n
2nfm+2n
PQ+pg = T(—cosmq%sinzwj:sinm(p-sinwcosw),
2 m+2n
PQA+pg = £ ﬂfim sinw - sin(me F w),
or
2 m+2n _
PAQ+pOQ == nf sinw-sinkaNir(lm n)w.
Hence, from the factor of the denominator
2k +
ff —2fgxcos % + ggxx
this simple fraction arises
if sin Zkaiw . COS 2km7r:|:)(1m—n)7r +sin kan:ti(;n—n)w <gx o fCOS Zkziw)

nf2n—megm—1sinw (ff — 2fgx cos 2EL 4 ggxx)

or

2k (m— . 2k(m—1)m£(m—n—1
mm nm n)w :|:fSlIl (m—1)n+(m—n—1)w

gxsin o

nf2n-megm—1lsin w (ff — 2fgx cos EW 4 ggxx) '
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EXAMPLE

xmfl

on _zfngnxn cos w+g2nx2n

To resolve this fraction into its simple fractions.

These simple fractions in question will therefore be

fsin¥ - cos (m_nn)w + sin (m_n”)w (gx — fcos¥)
nf2r=mem=lsinw (ff —2fgxcos ® + ggxx)

- dm—w 2mmr—(m—n)w . 2mmr—(m—n)w 2n—w
_ fsin ¢ cos . + sin ’ (gx — f cos 2=

ann—mgm—l sin w (ff —2fgxcos 27'[”—w +ggxx)

- 24w 2mm+(m—n)w . 2ma+(m—n)w . 2m+w
fsin #£E cos - + sin - (gx — f cos 2t

nfn-mem-lginw (ff —2fgx cos - 4 goxx)

- A—w dmm—(m—n)w . Amm—(m—n)w dn—w
_ fsin ¢ cos - + sin y (gx — f cos =)

nf2n-mem=lginw (ff —2fgx cos =< + goxx)

n

s 44w dmm+(m—n)w . dmmd-(m—n)w dn+w
f sin ¢ cos . + sin ’ (gx — f cos 1)

nfn-mem-lginw (ff —2fgx cos L 4 goxx)

etc.

and so one has to continue until the number of these fractions was n. If m was
a number either greater than 2n — 1 or negative, in the first case integral parts,
in the second fraction are to be added which are easily found by means of the
method explained before.
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